We study the effect of magnetic field on the transport properties like shear and bulk viscosities of hot and dense hadronic matter within hadron resonance gas model. We estimate the bulk viscosity using low energy theorems for bilocal correlators of the energy momentum tensor generalized to finite temperature, density and magnetic field. We use Gaussian ansatz for the spectral function at low frequency. We estimate shear viscosity coefficient using molecular kinetic theory. We find that vacuum contribution due to finite magnetic field dominates the bulk viscosity (ζ) for the temperatures up to 0.1GeV and increases with magnetic field while ratio ζ/s decreases with magnetic field. We also find that shear viscosity coefficient of hadronic matter decreases with magnetic field.
I. INTRODUCTION
Study of physical system under the magnetic field is an interesting as well as important problem in its own right. Magnetic field is such a ubiquitous physical quantity that it exist at all levels, from the microscopic subnuclear scale to the macroscopic scale of galaxies and clusters of galaxies. Matter in the universe exist in various phases and this phase structure depends on microscopic interaction between constituents of matter and external macroscopic parameters. Quantum chromodynamics which is the theory of strong interaction predicts various phases of strongly interacting matter. At low baryon density there exist at least two phases of QCD viz: hadronic phase which exist at low temperature and quark gluon plasma (QGP) phase which exist at very high temperature. Standard big bang theory predicts the phase transition from QGP to hadronic phase as universe expanded and cooled at about 10 −5 seconds after the big bang. Little bang experiments at RHIC and LHC have also observed such transition. Besides temperature (T ) and baryon chemical potential (µ b ), magnetic field (B) is another important macroscopic parameter which can affect the QCD phase diagram. One of the important phenomena exhibited by strongly interacting matter in magnetic field is the magnetic catalysis effect where the dynamical chiral symmetry breaking is enhanced due to increase incondensates whence the dynamical mass with magnetic field [1] [2] [3] . However, the opposite effect has also been found in various effective models [4, 5] as well as in lattice QCD [6] where the dynamical mass decreases with magnetic field. This is called inverse magnetic catalysis effect. Another interesting phenomenon that has attracted attention in the context of off central relativistic heavy ion collision is the chiral magnetic effect [7] . In presence of CP violation, even if locally, left handed and right handed quarks generate a current in the direction of magnetic field leading to the separation of charges.
There have been wide range of physical systems where magnetic field exist and can have drastic impact on aspects of phase transition and equation of state. For instance, in non-central heavy ion collision external magnetic field is generated by spectators and its strength reaches up to masses of hadrons. Neutron stars are natural laboratories where it is expected that very strong magnetic field can exist. In such a cases study of QCD matter under magnetic field becomes very important.
Study of transport properties is an important aspect of strongly interacting matter. When the system is perturbed from its equilibrium, transport properties like shear viscosity (η), bulk viscosity (ζ) and thermal conductivity (σ) governs its decay to equilibrium state. In the relativistic heavy ion collision where spatial anisotropy is converted into momentum anisotropy during hydrodynamical evolution, shear viscosity coefficient govern the equilibration of this momentum anisotropy. It has been predicted theoretically by ADS/CFT duality that η/s for most ideal fluid cannot be lower than 1/4π [8] . It has been actually observed at RHIC and LHC that QGP produced in heavy ion collision behaves as perfect fluid and have small value of shear viscosity [9, 10] . Another important transport coefficient which plays crucial role in hydrodynamical evolution of strongly interacting matter especially around QCD phase transition is bulk viscosity. There has been various attempts to estimate bulk viscosity of QCD matter and rise in ratio ζ/s has been observed for both hadronic phase [12] and quark-gluon matter phase [13] .
Presence of magnetic field breaks rotational SO(3) symmetry. This leads to anisotropy in transport properties of strongly interacting matter. In this regards, there have been very interesting study on transport properties of QCD matter using holographic correspondence [14] , Kubo formalism [15] and anisotropic hydrodynamics [16] . Study of QCD equation of state in external magnetic field is already in literature [17] . But the transport properties of hadronic matter in magnetic field has been rarely studied. In present study we calculate both shear and bulk viscosity coefficients of hot and dense hadronic matter under background magnetic field. We use low energy theorems of QCD for bilocal correlator of trace of energy momentum tensor generalized to finite temperature (T ), chemical potential (µ) and magnetic field (B) to estimate bulk viscosity. For this purpose we use Gaussian ansatz for spectral density. We estimate the shear viscosity coefficient using molecular kinetic theory within excluded volume hadron resonance gas model.
We organize our paper as follows. In next section we derive expression for bulk viscosity starting from Kubo's formula. We use low energy theorems of QCD generalized at finite temperature, density and magnetic field to obtain sum rule. To extract bulk viscosity using this sum rule we make Gaussian ansatz for spectral function at low frequency. Then we use molecular kinetic theory to obtain shear viscosity coefficient within excluded volume hadron resonance gas model. In section III we recapitulate the results of HRG in background magnetic field. In section IV we discuss the results and finally in section V we summarize and make conclusion.
II. TRANSPORT PROPERTIES IN MAGNETIC FIELD A. Bulk viscosity
Using the fact that physical pressure is invariant under renormalization group transformation, low-energy theorems (LET) of QCD can be derived at finite temperature (T ), quark chemical potential (µ q ) and magnetic field (B) [18] where the bilocal correlators can be expressed in terms of derivatives with respect to these physical parameters and renormalized quark masses m q . For any operatorÔ of canonical dimension d constructed from quark or gluon fields, they are written as
This is general relation valid at all T , µ and B provided λ 0 ≫ T , µ, B, λ. Here λ is dimensionfull parameter in the theory and λ 0 is the scale at which UV divergences are regularized. This fact is necessary to ensure that electromagnetic corrections do not appear in β-function. Anomalous dimension forÔ do not appear in these relations since we restrict to lowest order of expansion in β-function.
For n = 1, LET for gluon and quark fields can be written as
∂ ∂B . Kubo's formula [11] expresses the linear response of a system to external time dependent perturbation. In the static limit of the correlation function of the trace of the stress tensor, Kubo's formula for bulk viscosity can be written as [13] 
Defining spectral density as ρ(ω, p) = − 1 π ImG R (ω, p) one can recast Eq.4 in terms of spectral density as
Using Eq.2 and 3, r.h.s of above equation can be written as
Here we have neglected term proportional to m 2 q . Since physical pressure is invariant under RG transformations one can show that [18] 
where ε v is energy density of QCD vacuum and P * is thermodynamic pressure. In presence of magnetic field, SO(3) rotational symmetry is broken and pressure in the direction perpendicular to the magnetic field may be different from that of pressure in longitudinal direction. For the thermodynamic system at finite T , µ and B, longitudinal thermodynamic pressure in limit V −→ ∞ can be written in terms of energy density (ε), magnetization (M ), baryon density (̺ b ) and entropy density (s) as
Hence bilocal correlator can be expressed in terms of thermodynamical quantities as
where χ = ∂M/∂B is magnetic susceptibility and C 2 s = ∂P/∂ε| B,µ is sound velocity at constant magnetic field and chemical potential. Note that our sum rule (10) differs from that of [18] as far as magnetic field part is concerned.
Our task to extract the bulk viscosity reduces to obtain an analytic expression for spectral density. It is customary to make an ansatz for spectral density relevant to physical system under consideration. At low frequencies we make an ansatz of the form
Where ω 0 is the scale at which perturbation theory is valid. Let us discuss validity of this spectral function. First, it satisfy the definition of bulk viscosity in terms of spectral function
Secondly, it is odd under parity as required by parity properties of retarded Green's function, whence of spectral function. Apart from this, ansatz (11) reduces to Lorentzian form as in ref. [13] in small frequency limit. Because the large frequency modes are suppressed in Gaussian form of spectral function, ζ/s will have lower value as compared to that with Lorentz form of spectral function.
Sum rule in ref. [13] is similar to (10) with B = 0. These authors argue that at high frequency spectral function behaves as ρ ∼ α 2 s ω 4 as dictated by perturbation theory. Also at ω ≫ T spectral function is independent of T and since perturbative (divergent) contribution has already been subtracted from r.h.s of sum rule, we need not to subtract it from l.h.s. as well. In ref. [19] authors show that this sum rule is sensitive to numerically important UV tail ρ ∼ α 3 s T 4 which would affect the analysis close to the phase transition. But in our study where we are working at temperature much away from QCD phase transition temperature (i.e up to 0.15GeV ) where hadron resonance gas model is valid, we need not to worry about this tail. Using ansatz for spectral density (11) and sum rule (10) we get the expression for bulk viscosity as
We will use this expression to estimate the bulk viscosity of hadronic matter at finite T , µ and B using hadron resonance gas model (HRG). Note that this expression has been derived using longitudinal component of the pressure. One can arrive at somewhat different expression using transverse component of pressure [18] . Thus the bulk viscosity is anisotropic in external magnetic field which is reflection of the fact that rotational symmetry is broken in magnetic field [15, 16, 20] .
B. shear viscosity
In hadron resonance gas model the repulsive interaction between hadrons can be modeled via excluded volume correction [21, 22] . Using molecular kinetic theory one can show that shear viscosity of relativistic hadron gas with hard core radius r under external magnetic field B can be written as [24] [25] [26] 
where, |p| = p 2 z + 2eB(k + 1/2 − s z ) is thermal average of momentum and n i being particle density of i-th species of hadrons with i n i = n. Since shear viscosity coefficient is independent of pressure, it is isotropic.
III. HADRON RESONANCE GAS MODEL IN MAGNETIC FIELD
The simplest effective model which captures the physics of hadronic phase of QCD is hadron resonance gas model. QCD equation of state at finite magnetic field in HRG has been studied in ref. [27] . We recapitulate the main results which we will use in our calculation.
The central quantity in HRGM is thermodynamic potential (free energy)
In terms of densities
Where m b is magnetization density. In thermodynamic limit, V −→ ∞, thermodynamic pressure can be written as
Where f vacuum is vacuum contribution (T, µ = 0, B = 0) to free energy. Hence energy density can be written as
For the ideal gas of hadrons, free energy for charged component of the gas can be written as
where E = p 2 z + m 2 + 2eB(k + 1/2 − s z ) is the energy of charged particle moving freely under external magnetic field pointing in z direction.
Free energy for neutral component of the gas is
where
Once we know the free energy thermodynamical quantities can be evaluated as,
Vacuum terms in Eq. (19) and (20) are UV divergent and can be regularized by dimensional regularization and renormalization of B > 0 free energy can be carried out by subtracting B = 0 part. Renormalized vacuum free energies for different spin channels in magnetic field are given by [27] ∆f vac,r (spin 0) = (eB)
where x = m 2 h 2eB and ς(−1, x) is Hurwitz zeta function whose asymptotic (x ≫ 1) expression is given by
Thus our results are valid for magnetic fields for which condition eB ≪ m 2 π /2 is satisfied.
IV. RESULTS AND DISCUSSION
Free energy (Eq. 19) has contribution coming from individual hadrons. This contribution depends on external parameters (T, µ, B) and internal quantum numbers (mass, spin, charge and gyromagnetic ratio). Since experimental gyromagnetic ratios are known with small error bars only for lightest hadrons, we take gyromagnetic ratios, g h = 2q h /e [27] . We take all the hadrons up to m h = 1.2GeV . Parameter ω 0 have been chosen equal to 1GeV as in ref. [13] . Fig 1(a) shows bulk viscosity as a function of temperature at two different magnetic fields and chemical potentials. We note that vacuum contribution due to finite magnetic field dominates the bulk viscosity up to 0.1GeV . This behavior may be interpreted as follows. The effective mass of the charged particle in magnetic field is given by ζ(GeV where s is total spin of the particle. This effective mass increases with magnetic field for spin 0 channel but decreases for spin 1 channel and remains same for spin 1/2 channel. Thus statistical weight factor, exp(−βm * ) is larger for spin 1 channel than for spin 0 channel. At low temperature where the system is dominated by pions, thermal contribution to thermodynamic quantities (pressure, energy density, magnetization, susceptibility) is very small. Hence these quantities are dominated by vacuum part due to finite magnetic field. At finite magnetic field, as the bulk viscosity is proportional to magnetic susceptibility, bulk viscosity has dominant contribution from vacuum susceptibility. Above T ⋍ 0.1GeV , due to thermal excitation of ρ ± mesons and other heavier hadrons, bulk viscosity rises. Also at finite chemical potential we note that bulk viscosity rises more rapidly as compared to µ = 0 case and thermal contribution to the bulk viscosity starts at lower temperature. This is due to thermal excitation of baryons at lower temperature. Fig 1(b) shows bulk viscosity in units of entropy density at finite µ and B. We note that behavior of ζ/s in magnetic field is opposite to that of B = 0 case (Fig. 2) . This is a reflection of the fact that bulk viscosity is non-zero even at T = 0 while entropy density is zero so that ratio ζ/s blows up. As temperature increases, entropy density increases while bulk viscosity remains constant to its vacuum value. Whence ζ/s decreases. Fig.3(a) shows estimate of shear viscosity to entropy ratio assuming hardcore radii r h = 0.5f m for all hadrons. We note that η/s decreases with magnetic field. Such behavior of η/s has been observed for quark matter under strong magnetic field [28] and interpreted as reflection of magnetic catalysis. We also note from Fig.3(b) that ζ/s has minimum at µ = 0.94GeV . This minimum has been interpreted as corresponding to nuclear liquid-gas phase transition and has been observed to flattened out above T = 0.025GeV [12, 29, 30] . We observe that this minimum merely shift towards lower value with increasing magnetic field and does not show any flattening. This may imply that magnetic field does not affect nuclear liquid-gas phase transition.
V. SUMMARY
In this paper we have estimated bulk and shear viscosities of hadronic matter under external magnetic field within hadron resonance gas model. At finite magnetic field vacuum contribution to the bulk viscosity dominates at low temperature which is in contrast to behavior of bulk viscosity at zero magnetic field. This behavior is the reflection of the fact that scalar and vector mesons have different effective mass in magnetic field which affect their thermal excitation. We mention here that sum rule 10 has certain limitations [19, 23, 31] and needs to be improved. In shear viscosity channel we found that ratio η/s decreases with magnetic field. Also η/s shows minimum at µ = 0.940GeV and this minimum just shift towards smaller value without flattening. This may imply that magnetic field does not
